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Abstract 

Geometrical form of the one-loop divergences induced by conical singularities of 
background manifolds is studied. To this aim the heat kernel asymptotic expansion 
on spaces having the structure Ca x S near singular surface S is analysed. Surface 
corrections to standard second and third heat coefficients are obtained explicitly 
in terms of angle a of a cone Ca and components of the Riemann tensor. These 
results are compared to ones to be already known for some particular cases. Physical 
aspects of the surface divergences are shortly discussed. 



e-mail: fursaev@na.infn.it and fursaev@theor.jinrc.dubna.su after August 1. 



1 



1 Introduction 



There is a number of physical problems where quantum field effects in presence of conical 
singularities of the background manifolds play an important role. For instance, such 
singularities are induced by idealized cosmic strings and in this case the conical angle 
deficit is determined by the string tension parameter [Q]. It gives rise to some interesting 
quantum phenomena like vacuum polarization around strings 0, [|| and to necessity in 
renormalization of the string tension 

Finite temperature quantum field theory on static spaces with bifurcate Killing hori- 
zons represents another example. Typically these spaces have topology R"^ x S"^, where S"^ 
is a bifurcation surface that is unchanged under action of the isometry group. Introduc- 
tion of thermal equilibrium here is equivalent in general to passing to singular Euclidean 
space-times with topology Ca x S"^ where conical angle a of Ca is associated to the inverse 
temperature. Cosmological implications of this theory in de Sitter space-time have been 
considered in 0, 0. On the other hand, the importance of such singular geometry has 
been recently pointed out in connection with statistical mechanical computations of the 
black hole entropy 0, §], when the temperature different from the Hawking one should 
be introduced to get the corresponding derivative of the partition function. In particular, 
it results to additional ultraviolet divergent terms in the Bekenstein-Hawking entropy. 
However, an explicit geometrical structure of these terms, needed to understand how to 
handle the new divergences, is not yet known. 

In present letter we find the structure of the one-loop divergences induced by such 
conical defects. For this aim the asymptotic expansion of the trace of the heat operator 
on a compact manifold Mq, with singularities having the form Cq, x S, where S is the 
surface of fixed points of one-parameter isometry group of Mq, is analysed and the first 
three heat coefficients are obtained explicitly. Our main result is formulated in section 
2. Its proof and comparison with some particular cases are given in section 3. Then, we 
shortly discuss physical aspects of addidional surface counterterms in the effective action 
and present our conclusions. 
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2 The result 



The most convenient way to investigate the structure of one-loop divergences of the effec- 
tive action is to express the contributions of all one-loop diagrams, that can be sum up in 
a determinant, through the trace of the heat kernel operator. In particular, for logarithm 
of the scalar field determinant to appear in the one-loop effective action one can use the 
DeWitt-Schwinger proper time representation 

logdet{-a + ^R + m^) = - —TrKM{s)e-'^' (2.1) 

JO s 

where □ = g~^^'^d^g^^'^g^'^d^, {g = |det(7^,y|), is the D'Alambertian on a background 
manifold M, and m is the mass of the field. In general the integration contour in (|2.1| ) 
should be taken in complex pane. The parameter ^ determines the coupling between 
scalar field and curvature R of M, and the case ^ = 1/6 corresponds to conformally 
invariant theory. The kernel of the heat operator Km{s) is the solution of the problem 

{d/ds - + ^Rix)) Km{x, x's) = , (2.2) 

Km{x,x',0) = 6m{x,x') (2.3) 

where 6m{x, x') is the delta function covariantly defined on M. For a smooth d dimensional 
manifold without boundary the asymptotic expansion of this kernel in powers of the 
proper-time parameter s looks as follows [p!0[ 



—a'^{x,x')/4s oo 

Km{x,x',s)\s^o= ,,,, A'/\x,x')Y.a^{x,x')s^ . (2.4) 

{Ansf^' n=o 

Here a{x,x') is the geodesic distance between points x, x' and A(x, x') is the Van Vleck 
determinant 

A(x,.') = -b(-k(-'r^/^det(^M^) . (2.5) 

The coefficients a„ of this expansion can be found from the recursion relations and ex- 
pressed in terms of powers of the curvature tensor and its covariant derivatives [p!o[| . 
Beside this, the first three coefficients are known to define the structure of the one-loop 
counterterms in quantum theory on M [H]. 
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Consider a compact (i- dimensional manifold having one-parameter group of isom- 
etry with the Killing parameter ip ranging from to a. Mq, can have Lorentzian or Eu- 
clidean signature. Let the set S of fixed points of the isometry group be (n-2)-dimensional 
hypersurface near that Ma looks as a space product Cq x S. Cq, is a conical space with 
metric ds^ = dr"^ + r'^dip'^ and polar angle p, < p < a. If a 7^ 27r, S is a singular 
surface where the scalar curvature of Mq, acquires a delta-function-like contribution. On 
the other hand, outside this surface, no matter how close, has a smooth geometry the 
same as in the case a = 271 when conical defects vanish. We will use this fact to define the 
curvature tensor of Ma on S and other geometrical quantities in terms of their values for 
a smooth manifold M = Ma=2TT- In particular, we can introduce in this way orthogonal 
vectors to S and describe its imbedding in Ma by the same Gauss-Codacci equations as 
imbedding in M. For convenience S will be assumed to have two orthogonal vectors n^, 
i = 1, 2, normalized as n^rij^ = 6ij. 

Denote Km^ the heat operator that is solution of the problem (|2.2|), (|2.3| ) on Ma, 
including non-minimal coupling with the scalar curvature R. Our aim of is to demonstrate 
that asymptotic expansion of the trace of Km^ has the structure similar to (|2.4| ) but 
depends both on the conical angle a and on the local geometry near S 

-j^ 00 

Tr KmAs)\s-.o = J-. — 7^ ^ (an + aQ,„) . (2.6) 
{4nsp' n=o 

Here the standard coefficients a„ = Jj^_j^an{x,x)dQ{x), given by the integrals over the 
smooth domain of Ma {d^l{x) = y/gd"'x), get modified, except oq, by the surface terms 
ttan- The first three of these terms read 



aao = , aai = 0!Ci(a) / dfi(6) , (2.7) 

Jt. 

1 . 1„ „ ., 1 



dM [«ci(a) (^(- - ORiO) + -R^AdKn'^ - -R^.xpie)nfnfn''^n^^ + 

(2. 



ac2(a) ( \R^uXp{0)n'^n^n'<n''j - ^R^y{9)nfni 



where 0^,l<l3<n~2, and dfi are coordinates and invariant volume on S, and the 
curvature tensor is defined as it was explained above. We also adopt the convention 



^Our convention for the curvature and Ricci tensors is — TJ^^ ^ — and i?^^ = ^^v- 
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of summing Latin indices 1 < i,j < 2. Finally, the numerical coefficients Cfc(a) (their 
definition follows below) are polinomials in inverse even powers of a, vanishing at a = 2tt. 

The first term in ( p.6|) is proportional to the volume of (ao = Im^ d^) and looks 
the same as for the smooth manifolds. The second surface coefficient aa,i was computed 
before for = Ca [0 (see also [Q, ||TT|). The next one, aa,2, was also known for some 



particular cases. For ^ = 1/6 it contributes to the integral of conformal anomaly of the 



renormalized stress tensor Hi, llll. So far as the scalar R in (12. 81) coincides with the 



curvature of the smooth manifold M, we can consider imbedding of S in M and use the 



Gauss-Codacci equations [|13[ to represent R in the form 



R = Rj, + 2R^X< - R^.uxpnfnfny^ - (xf^)' + xrx^^.u (2.9) 

where Ry. is the curvature of S and x^fiu second fundamental forms. Thus, for 

2-dimensional surface aa^2 includes the Euler number of S. 

All other quantities aa,n have the structure similar to aa,2, eq. (p78|), and depend on 
the conical angle deficit and curvature near S. 

3 The heat kernel expansion 

It is worth reminding for further analysis the properties of the heat kernel operator 
Kc^{r,r' , Aip, s), Aip= ip — ip', on the conical space Ca that have been investigated in 
many papers , , |T5[ . It can be expressed through the plane heat kernel Kf^ {r,r' , Aip, s) 
= (47rs)^^ exp(— (x — x')^/4s) by means of the Sommerfeld integral representation |jT4],||l5| 



Kc (r, r', Ao9, s) = — / cot f vra ^w) Kji2 (r,r' , Aip + w, s) dw , (3.10) 
2a Jc ^ ' 



The integration contour C in (|3.1CI| ) has two branches, one in the upper half complex plane 
of the parameter w going from (— tt — A(y9 + ioo) to (vr — Ay? + ioo) and the other in the 
lower half-plane from (tt — A(/) — ioo) to (— tt — A>p) — ioo), see By using the above 
representation the diagonal part of Kc\ can be shown to be a distribution singular at the 
cone apex 0], [|ll|], whereas outside this point it has the same asymptotic behaviour as 
the plane kernel Kji2 . This fact indicates, in particular, that at s conical singularities 
give a nontrivial contributions only into trace of the heat operators. 



Consider now the manifold M^- It is convenient to begin with the case a = 2ti when 
conical singularities are absent and S is the fixed-point set of 0(2) isometry group. Take 
a point Pq on S and introduce the Riemann normal coordinates with the origin at 
Pq. In fact, we are interested in an interplay of two limits: when s +0, and when a 
point being in the smooth region, approaches (2;'' ~^ 0). For this reason and 

to investigate the integral properties of the heat kernel near po? it is convenient to use 
the rescaled normal coordinates = s^^l'^x^ . Then at finite y^' the small values of the 
parameter s imply that p[x) — po- 

In terms of the rescaled normal coordinates the standard expansion (|2.4| ) on M 
looks as follows 



Ku^^sy, ^sy\ = " ^J^/' (l + E W)/2(z/, l/',Po)s^"+'^/') (3.11) 



and holds near po at s ^ 0. Here {y — y')^ = {y — u'V^iy — y')^i and the leading term 



in ( ^.11 ) is the plane kernel KJld{^/sy,^/sy' , s), whereas the other terms represent the 
corrections due to the curvature of the space M at po. The expressions of &(n+2)/2 can 



be obtained from ( |2.4| ) after an additional decomposition of all the quantities near po in 
power series in \/sy^, y/sy'^ . For instance, by using the known asymptotic formulas |TB 



/\^'\^sy, ^sy') = 1 + ^RMiy - yTiv - y'Y + 0{s'i') , (3.12) 
a\^sy, V~sy') = ^ ((y - yT - '^R^xuMiy - y'Tiy - y'TyV + o(.^/^)) , (3.13) 

we obtain for bi the expression 

hiy,y',po) = ai(po) + ^ {R,APo)iy - y'Tiy - y'Y + R,x.piPo){y - y'Tiy - y'TvV) 

(3.14) 

where ai(po) = (ii{x,x)\p(^x)=po = (1/6 — O-^(Po)- On the other hand, the next coefficient 
comes from the Taylor series of ai{x, x') 

h/2{y,y',Po) = ai,i,{po){y' + yT ■ (3.15) 

It can be shown from the decompositions of ), A^/^ and cr^ in Riemann coordinates 

series that all other coefficients bn/2 in ( p.ll| ) are expressed similar to p.l4| ), ( p.l5| ) in terms 



of the curvature tensor and its covariant derivatives. 



Choose an orthonormal basis at po in such a way to separate the Riemanniain coor- 
dinates into coordinates, i = 1,2, associated to a basis orthogonal to S, and f ^, 
j3 = 1, d—2, corresponding to a tangent basis. The coordinates can be parameterized 
by the polar angle < ip < 27i and radius m > as usually, {u^,u^) = {u cos ip,u simp). 
Then 0(2) isometry of M generates the rotations ip + 6(p leaving unchanged u and 
v^. Thus, we can use mixed coordinates y^iip) = (v^, u, v^) also for the singular space M^. 
In these coordinates is described by the same metric but has different period of ip. 
Besides, if v'^ = 0, the radius y/su measures the distance to the fixed point po. 

To find for the singular heat operator Kmc, the expansion similar to (|3.11|) , introduce 
the following asymptotic Sommerfeld-like representation 

Km^ {ysy{ip), ^/~sy'{ip'),s) = ^ /.^^^ (jia'^w) Km (v^2/(v5 + w), ^fsy' {(p') , s) [p^dw 

(3.16) 

valid near p^ aX s ^ +0 0. Here the integration contour C is chosen to be the same as 
in ( p.lO| ) and in the integrand the kernel Km should be considered only in sense of the 
series ( p. 11 ). In this case the integral is convergent for the each particular term of the 



sum due to the exponential factor exp(— -u-u' cos(A(/) + w)/2) appearing from (|3.11|) . Other 



properties of this representation ( p.l6| ) that enable us to identify it near pq to the heat 
kernel operator on Mq, cirG clS follows: 

1) For each its angle argument Km^^ determined by ( p.l6| ), is a function with period 

a 

KMAVsy{^ + (^),Vsy'{v'),s)\po = KMAVsy{'p),Vsy'{v'),s)\po ■ (3.i7) 

2) In neighborhood of po the kernel ( |3.16| ) satisfies the heat equation ( p.2| ), written in 
the mixed coordinates {ip, y/su, y/sv^), and to "initial" condition 



lim 



''/'(KMAV^y,V^y',s)\p,-Kc^^n,-2{^y,^y',s))] =0 (3.18 



analogous to the leading asymptotic of the smooth kernel Km, see ( p. 11 ). The meaning 



of this condition is that Km^ should be locally represented as the kernel Kc^xr^-^ plus 
corrections due to the space curvature near pq. 



■^Note, that due to the rotation symmetry Km^ really depends on the difference — Lp — Lp' . 
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The first of tliese statements is a straightforward consequence of the definition of the 
integral p.l6|). The second one holds so far as in {(p,u,v'^) coordinates the operators on 



M and are described by the same heat kernel equation ( p.2|) that does not depend on 
the angle ip. 

Due to the local equivalence of Mq, and M outside S both kernels, Km^^^m, have 
equal asymptotic expansions in the smooth region. This is because the corresponding 
coefficients are determined by the same local recursion relations. Therefore, to investigate 
the expansion of TtKm^ one can change Km^ outside S to Km and represent its trace in 
the form 

Tr Km^ = / {Ka4Ax, X, s) - Km{x, x, s)) dQ{x) + / Km{x, x, s)dQ{x) = 

J Ma -J Ma 



{KMa{x,x, s) — Km{x,x,s)) d^l{x) + Km{x,x, s)d^l{x) + ES (3.19) 

J Ma 

valid at s ^ +0 up to exponentially small terms ES. Here is a sufficiently small 
neighborhood of S and e is a small parameter associated to its "thickness". So far as 
the diagonal part of Km does not depend on ip, the last term in ( p.l9|) can be written as 



{a/2TT)TrKM{s), for which the standard expansion is applicable. On the other hand, for 
the integral over domain we can use the asymptotic formula ( |3.16D valid near each of 
the point on S. 

By transforming in (|3.16|) contour C in the complex plane we can write for the differ- 
ence of the diagonal elements in 

KMaiVsy, Vsy, s)\po~KMiy/sy, y/sy, s)|p„ = ^ ^ cot (ic a' ^w)KMiVsyiw), y/sy, s)\p^dw 

(3.20) 

where F consists of two curves, going from (— vr + ioo) to (— vr — ioo) and from (vr — ioo) 
to (vr + ioo) and intersecting the real axis between the poles of the integrand —a, and 
0, a respectively. 

Note, that for a point p being sufficiently close to S there is a unique geodesic line, 
starting from p and orthogonal to S at some point po. It means that p can be completely 
determined hj d — 2 coordinates O'^ of po on E, by the geodesic distance ct(p, po) and a 
polar angle (p. On M the rescaled Riemann coordinates of p with the origin at po read as 
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= {usimp, ucosip,v^ = 0) where y/su = a{p,po). In this case results to 

g-u^ sin^(iu/2) oo 

KM{Vsy,Vsy{w),s)\pg(^g) = — — r^T^ ^6„(m^u;,^)s" (3.21) 

[^'^'^J n=0 

where 60 = Kiu^, u), 6) = &„(y, y{w),po{9)), n > 1. Remarkably, all half integer powers 
of s in ( p.21|) disappear due to the isometry. Indeed, all the coefficients in this expansion 
are expressed through the components of the Riemann tensor and its covariant derivatives 
taken at the fixed point of 0(2) isometry group. Besides, each power of -^i is associated to 
a Latin indices z = 1, 2 of these quantities, that corresponds to 0(2) tensor representation, 
whereas tangent Riemann coordinates, v^, are absent. Thus, so far as only even rank 0(2) 
invariant tensors are possible, we obtain the integer power expansion (|3.21|) . In particular, 
by using similar considerations, bi coefficient in ( |3.21| ) can be shown to read 

h{u^ w, 0) = il- ORid) + sm''{w/2)Ruie) + sin^ wR^jij{e) . (3.22) 

Other bn{u'^,w,6), n > 1, are represented, like ( |3.22|) , as polinomials in invariant prod- 
ucts and {u — u{w)Y where the maximal power of [u — u{w)Y, appearing from the 
decomposition ( |3.13| ) of a^, is equal to n + 1. 

Note that the integration in can be also represented in terms of curvature corrections 
to the volume of the space product O^ x S with e considered as a cone radius 

udu s 

n=0 



I dQ{x) = f dn{e) r d<f r^'^'udu sf^dn{e)u^''s'' , (3.23) 

JSe JO JO f-^n 



do = l , d, = ^R,j,,ie)-^Ruie) . (3.24) 

This decomposition and the form of di for general case can be found in . Substituting 
( p.21| ) in ( p.20| ) and integrating this expression in with the help of representatin ( |3.23| ) 
we obtain 

dn{x) [KmA^, X, s) - Km{x, X, s)] \s^o = 



-jj.y / dfx(9)- / cot(7ra-^w)dw / Mrfwe"" '''' "^^^x 

(47rs)'*/^ ^ \JT, 2 Jr jo 

n \ 1 00 



m=0 / \ ' n=0 
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Not difficult analysis based on the symmetry of the problem shows that after integrating 
over in ( |3.25D aa,n coefficients can be represented by series 

n 

aa,n = ack{a)Gnk ■ (3.26) 
fe=i 

The quantities Gnk are expressed through the integrals over E on the powers of the 
curvature tensor and its covariant derivatives and thus accumulate the information about 
local geometry near the singular surface. On the other hand, global properties of are 
contained in the integrals 

" cot{7nua-^){smw/2)-^''dw (3.27) 



Aa Jr 



that can be computed in terms of polynomials of the order 2n in powers of a ^0. In 
particular, ci(a),C2(a) in ( p.8|) can be written as 

ci(a) = i(^(27ra-i)'-l) , C2(a) = ^Ci(a) (^(27ra-i)' + ll) . (3.28) 



Besides, the explicit form (p^) of aa,i, aa,2 immediately follows from expressions (|3.22|) 



for bi and (|3.24|) for di. Finally, the asymptotic expansion (|2.6| ) for the trace of the heat 



kernel operator on can be obtained by substituting ( p.4|) , ( p.25|) in (|3.19| ). 



The general results ( p.6| ) - ( |2.8| ) for singular heat kernel expansion and ffist coefficients 
coincide with expressions previously obtained for some particular cases. 

The ffist example of this kind can be found in works of H.Donnelly ||16[, where 



asymptotic formulas for the trace on quotients of compact manifolds with fixed-point 
isometry groups have been studied. His analysis can be readily used to evaluate both 



general form and ffist three heat coefficients (see theorems 4.1, 5.1 in |jT6l) for cyclic 
rotation groups, which corresponds to singularities with conical angle taking discrete 
values a = 27m~^, {n = 2,3, ...). It can be shown that these results are in agreement with 
the ones derived here by the different method for arbitrary values of angle a. 

The other interesting example to be mentioned here concerns computation of zeta- 
function ({z) on a spherical domain described by the 4-dimensional spherical metric ds"^ = 
d9l + sin^ 0^d62 + sin^ ^3 sin^ 62d6\ + sin^ ^3 sin^ O2 sin^ Oidip^ but with arbitrary ranging of 
the polar angle Q < ip < a. The value of C(0)) obtained explicitly in by using the 
the spectrum of the Laplace operator on this space, can be also rederived on the base of 
formulas (|2.6|) - ( |2.8|) with the help of the Mellin representation for C(^)- 
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4 Conclusions and remarks 



In this letter the general structure of the heat kernel expansion and explicit expression for 
the first three coefficients was found for manifolds with conical singularities of the form 
Cq, X S. These results were shown to be confirmed by calculations in particular cases. 

For quantum field theory conical singularities qualitatively result to similar conse- 
quences as in presence of boundaries of the background spaces Q . For instance, in this 
theory the renormalized stress tensor diverges in non-integrable way as a singular point 
is approached 0,0, whereas the one- loop effective action and other integral quantities 
acquire additional surface ultraviolet divergent terms. However, as compared to case with 
boundaries only integer powers of the proper time parameter s are present in the heat 
kernel expansion ( ^.6[ ). 

In classical theory conical singularities are associated to a matter distribution with 
a surface energy determined by the angle deficit 27r — a. For the fiat conical geometry 
the only new divergences arise from the coefficient aa,i in ( |2.6| ). They contribute to the 
classical surface matter action and can be, consequently, removed by renormalization of 
a. In quantum field theory around cosmic strings it is equivalent to a renormalization 
of the string tension However, in general this renormalization is not sufficient and 
some additional surface counterterms should be introduced to get rid off the divergences 
given by the next coefficient aa^2- According to ( |2.8| ) they are determined by the space 
curvature and have a more complicated structure than initial classical action that is simply 
proportional to the area of S. It means that when conical singularities are present one 
should allow to the generalized Einstein action 0] an addition in the form of an effective 
surface functional with terms having the structure of aa,2- In particular, the relevance of 
nontrivial surface terms in the effective gravitational action has been recently discussed 
in PI for the black hole thermodynamics. 

Finally, it is worth mentioning that the technique based on the asymptotic Sommerfeld- 
like representation for the scalar heat kernel operator can also be developed for higher 
spins, which has a number of implications. 

I would like to thank Professor W. Drechsler for helpful discussions and hospitality 



11 



during my visit in the Max-Planck-Institute fiir Physik in Miinchen. This work was 
supported in part by the International Science Foundation (Soros) Grant No. Phl-0802- 
0920. 

References 

[I] A.A.Vilenkin, Phys. Rep. 121, N5 (1985) 263. 

[2] T.M.Helhwell and D.A.Konkowski, Phys. Rev. D33 (1986) 1918, V.P.Frolov and 
E.M.Serebriany, Phys. Rev. D35 (1987) 3779. 

[3] J.S.Dowker, Phys. Rev. D36 (1987) 3095. 

[4] D.V.Fursaev, Class. Quantum Grav. 11 (1994), to be published. 
[5] D.V.Fursaev and G.Miele, Phys. Rev. D49 (1994) 987. 

[6] D.V.Fursaev and G.Miele, Semiclassical gravitational effects in de Sitter space at finite 
temperature, preprint DSF-8/94 ( |gr-qc / 9404048| ) . 

[7] C.Callan and F.Wilczek, On geometric entropy, preprint IASSNs-HEP-93/87; 
J.S.Dowker, Remarks on geometric entropy, preprint MUTP/94/2; L.Susskind and 
J.Uglum, Black hole entropy in canonical quantum gravity and superstring theory 
preprint SU-ITP-94-1. 

[8] A.O.Barvinsky, V.P.Frolov and A.I.Zelnikov, Wavefunction of a black hole and the 
dynamical origin of entropy, preprint, April 1994. 

[9] N.D.Birrell and P.C.W.Davies, Quantum Fields in Curved Space (Cambridge Univ. 
Press, New York 1982). 

[10] B.S.De Witt, Dynamical Theory of Groups and Fields (Gordon and Breach, New 
York 1965). 

[II] G.Cognola, K.Kirsten, L.Vanzo, Phys. Rev. D49 (1994) 1029. 
[12] J.Cheeger, J. Diffrerential Geometry 18 (1983) 575. 



12 



[13] J.A.Schouten. Ricci- Calculus (Springer- Verlag, Berlin 1954). 
[14] J.S.Dowker, J.Phys. AlO (1977) 115. 

[15] S.Deser and R.Jackiw, Comm. Math. Phys. 118 (1988) 495. 

[16] H.Donnelly, Math. Ann. 224 (1976) 161. 

[17] H.Donnelly Illinois Journal of Mathematics 23 (1979) 485. 



13 



